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ABSTRACT
In this paper, we present an adaptation for hypergraph par-
titioning of the multilevel cooperative search paradigm �rst
introduced by Toulouse, Thulasiraman, and Glover [23]. We
also introduce a new approach for coarsening hypergraphs,

and describe a parallel implementation of this algorithm on
the SGI O2000 system. Experiments on ISPD98 benchmark
suite of circuits show, for 4-way and 8-way partitioning, a
reduction of 3% to 15% in the size of hyperedge-cuts com-
pared to hMETIS. Bisections of hypergraphs based on our

algorithm also outperforms hMETIS, although more mod-
estly.

1. INTRODUCTION
Netlist partitioning is an important and well-studied re-

search area in VLSI CAD. Several classes of heuristics have
been proposed to address this problem [2]. Recently, multi-
level algorithms have been applied to the netlist partitioning
problem [13]. This approach has since become the standard
to partition netlists.

The multilevel paradigm in the context of netlist parti-
tioning enables Fiduccia-Mattheyses (FM) types of move-

based heuristics to execute moves involving static clusters
(blocks) of modules in the netlist (usually a move only in-
volves one or two modules). This strategy of multilevel algo-
rithms is a variant of k-exchange [1], a well-known technique
to create variations in the neighborhood structure of local

search algorithms. Usually, applications of k-exchange to
de�ne the neighborhood structures do not change the op-
timization problem but they have an impact on local opti-
mality and consequently on the local search problem solved
by the move-based heuristics. The multilevel variant of k-
exchange is a little more drastic, beside changing the neigh-

borhood structures, it also reduces the size of the solution
space through the coarsening of netlists. This coarsening

constitutes a relaxation of the optimization problem which
allows for gains in computational speed. But coarsened
netlists are static, consequently multilevel algorithms can
only swap �xed blocks of modules. This constraint may
strongly impair FM and other move-based heuristics by re-

stricting their operations to work with a limited set of blocks
which are potentially 
awed. This poses serious limitations
in the capacities of future multilevel algorithms to provide
good quality partitionings. These limitations of the mul-
tilevel paradigm have been recently addressed in [10; 13]
using more dynamic coarsening strategies. In the present

paper we provide a broader design strategy to address this
problem.

Our approach is based on a bottom-up algorithm design
technique called cooperative search. According to this ap-
proach, a set of completely unrelated search algorithms is
�rst selected. Then a cooperation protocol speci�es how
the search algorithms can share states at run time. This ap-

proach has been used with success to design search heuristics
in the context of constraint satisfaction problems [3; 11] and
to parallelize some metaheuristics [15; 16; 20; 21]. More re-
cently, in [23], cooperative search has been applied to graph
partitioning quite successfully.

The present paper introduces the Cooperative Multilevel
Hypergraph Partitioning algorithm (CoMHP), an asynchronous

variation for hypergraph partitioning of the cooperative al-
gorithm in [23]. We �rst propose a semantically di�erent
perspective regarding coarsened hypergraphs. Rather than
adopting the usual approach where coarsened hypergraphs
are seen as graphs to be partitioned, we see them as func-
tions. More speci�cally, the vertices of coarsened hyper-

graphs are treated as mappings on the modules of a netlist.
This is so because those vertices set the sizes and con�g-
urations of the moves executed by search heuristics which,
at the end, partition the netlist, not the coarsened hyper-
graphs. Mathematically, this functional representation is
a natural transition to set theory used here to formally de-

scribe the multilevel related aspects of our algorithm. It also
conveniently provides a framework to integrate the coarsen-
ing phase of multilevel algorithms into the bottom-up ap-
proach of the cooperative search paradigm, where one needs
a generator of unrelated search algorithms. Finally, it sup-
ports a brief analysis of the limitations imposed by static

coarsening on standard multilevel algorithms.

Our hypergraph partitioning method uses a new netlist



coarsening strategy which is based on partitioning rather

than clustering as it is usually done by multilevel algorithms.
We motivate this coarsening approach and analyze its com-
plexity. Once the coarsened hypergraphs are generated, to-
gether with a set of move-based heuristics, each of them can
be considered as a search process executed concurrently with
other search processes in time sharing on a sequential com-

puter or in parallel if several processors are available. To
allow cooperation among the search processes at run time,
states need to be shared among them. Assume H0; : : : ; Hl

are the search processes (as well as the hypergraphs). In the
current implementation of CoMHP, the cooperation proto-
col is based on three di�erent state sharing patterns. The

�rst one uses partitionings from Hi as initial solutions to
move-based heuristics computing in hypergraph Hi�1 ( this
operator is similar to the usual multilevel interpolation op-
erator). The two other sharing strategies use good partition-
ings from Hi�1 to partition clusters (vertices) in Hi or to
generate new clusters in Hi. We identify respectively these

last two state sharing strategies as the local partitioning op-
erator and the local clustering operator. We like to think
of those operators as repairing coarsened hypergraphs Hi

based on information obtained from Hi�1. If we see coars-
ened hypergraphs as functions, these two operators change
the mapping used at level Hi to partition the netlist. The

execution of the three operators is triggered by the internal
state of the processes, therefore as a whole, the sharing of
states occurs asynchronously.

The rest of the paper is structured as follows. In Section 2
we introduce the mathematical setting and the motivations
that support the design of the cooperative multilevel algo-
rithm presented in Section 3. Section 3 also introduces a

framework to analyze the convergence behavior of a heuris-
tic like CoMHP. Section 4 reports the results of the tests
conducted on the ISPD98 benchmark suite of circuits. Fi-
nally Section 5 concludes with some suggestions for future
work.

2. MULTILEVEL ALGORITHMS: ISSUES
Hypergraphs are commonly used in the multilevel paradigm

as a formal representation of netlists. Let H0 = (V0; E0) be
a hypergraph reduction of a given netlist instance. V0 is a set
of n vertices and E0 a set of m hyperedges which represent
respectively the modules and signal nets of the netlist. The
set E0 is a subset of the powerset 2

V0 of the vertices in H0,
i.e., e 2 E0 is a subset of V0. Given this formalization, the

problem of partitioning the modules of a netlist in k subsets
P1; P2; : : : ; Pk can be stated as a combinatorial optimization
problem where one tries to �nd an instance fP1; P2; : : : ; Pkg
of the mapping

P : V0 �! 2
V0 (1)

that minimizes the cost function:

f(x) =

mX

i=1

w(ei) (2)

where w(ei) = 1 if ei is a hyperedge that spans more than

one Pi, w(ei) = 0 otherwise. The subsets Pi are subject to
constraints:

1. Pi
T
Pj = ; (i 6= j);

2.
jV0j

ck
� jPij �

cjV0j

k
for some constant c � 1:0;

3.
Sk

i=1
Pi = V0.

Constraint (1) indicates that module replications are not
allowed and constraint (2) set bounds on the modules car-
dinality.

2.1 Hierarchical Clustering
Multilevel algorithms initiate processing by a sequence of l

di�erent relaxations of the optimization problem (2). Those
relaxations are obtained by mapping the 
attened hyper-
graph H0 into l equivalent hypergraphs with fewer vertices.
This phase of the processing is identi�ed as the coarsening
phase, it is usually based on hierarchical clustering strate-
gies of H0. We de�ne hierarchical clustering in the following

manner:

Definition 1. A hierarchical clustering algorithm is a
family of l mappings:

C
i : V0 �! 2V0 ; i = 1; : : : ; l (3)

where each mapping Ci de�nes a mapping instance of the
vertices of H0 into k

i clusters Ci
1; C

i
2; : : : ; C

i
ki such that Ci

u\

Ci
v = ; if u 6= v and [

ki
u=1C

i
u = V0. Furthermore, ki > ki+1

and k1 < jV0j.

Definition 2. A coarsened hypergraph Hi = fVi; Eig is
a set of vertices Vi and hyperedges Ei such that v 2 Vi is a
cluster Ci

v of vertices from V0 as de�ned by the mapping Ci

and e 2 Ei i� e 2 E0 and e has at least two vertices a; b 2 V0
where a 2 Ci

u and b 2 Ci
v, u 6= v.

Given that ki = jVij, the number of vertices in Hi, a hierar-
chical clustering algorithm generates a sequence of increas-
ingly coarsened hypergraphs where Hi+1 is more coarsened
than Hi. In practice, many hierarchical clustering algo-
rithms generate the mapping of the vertices of H0 based
on some characteristics of the coarsened hypergraph Hi�1

rather than directly from the hypergraph H0. For example,
in recursive maximal matching, vertices of H0 are mapped
to clusters of Ci by merging randomly pairs of vertices of
the coarsened hypergraph Hi�1.

In standard multilevel algorithms, coarsening is followed
by a partitioning of the most coarsened hypergraph and by
the re�nement of this initial partitioning using the other
less coarsened hypergraphs. During these last two phases
of multilevel algorithms, partitionings are obtained and re-
�ned by move-based heuristics (mostly FM like heuristics)

in a sequence going from Hl to H0. Move-based heuris-
tics are iterative search methods where a partitioning x(t)
is obtained by a simple transformation of the partitioning
at iteration t � 1. Typically, a transformation corresponds
to swapping either a pair of vertices or a single vertex be-
tween two subsets of partitioning x(t�1). A transition from

a solution (partitioning) x(t� 1) to solution x(t) is a move
executed by the search heuristic in the solution space. (The
sequence of solutions x(0); x(1); : : : ; x(last iteration) visited
by move-based heuristics is often pictured as a walk in the
solution space.) Formally, in the context of partitioning,

Definition 3. A move is a set of swaps between two con-
secutive evaluations of the cost function.



FM heuristics evaluate a \gain" function after each swap
of a module in partitioning1 x(t�1). According to De�nition
2, swapping a vertex v 2 Vi of a coarsened hypergraph Hi

is equivalent to swapping the cluster Ci
v of modules in the

netlist. We identify a move in a coarsened hypergraph as
a coarsened move and we identify each member of a set of
swaps in the netlist related to a coarsened move as a netlist
swap. Although a coarsened move involves several netlist
swaps, according to De�nition 3, the set of netlist swaps is a
single move in the netlist because no evaluation of the gain
function takes place during the execution of the set of netlist
swaps. Each coarsened move is a single move in hypergraph
H0. As an example, consider Figure 1 with the family of
mappings:

C1 = fC1
1 = f1; 6g; C1

2 = f2; 3g; C1
3 = f5; 9g; C1

4 = f7; 12g;
C1
5 = f13; 14g; C1

6 = f10; 11g; C1
7 = f4; 8g; C1

8 = f15; 16gg

C2 = fC2
1 = f1; 2; 3; 6g; C2

2 = f5; 9; 13; 14g; C2
3 = f4; 7; 8; 12g;

C2
4 = f10; 11; 15; 16gg:

Assume that bisection x(t�1) ofH2 is P
2
2 = ff1; 2g; f3; 4gg.
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Figure 1: Hierarchical clustering of H0 using recursive max-
imal matching.

Using a 2-swap move-based heuristic we seek to improve
the cost of bisection x(t � 1). One potential move is to

swap vertices 1 and 3, moving from x(t� 1) to the bisection
P 2
20 = ff2; 3g; f1; 4gg = x(t). One can see that bisection P 2

20

is identical to bisection P 2
00 = ff4; 5; 7; 8; 9; 12; 13; 14g;

f1; 2; 3; 6; 10; 11; 15; 16gg of H0. One can also observe that
the coarsened move of vertices 1 and 3 in H2 has an equiv-
alent move in H0 involving four netlist swaps of pairs of

vertices in H0. The one step x(t � 1) to x(t) of the walk
in the solution space of H2 is also one step of a walk in the
solution space of H0. Any coarsened move in a hypergraph
Hi; i > 0, has an equivalent 2i swaps move with respect to
the same partitioning in hypergraph H0.

From this perspective, multilevel algorithms extend move-

based heuristics by allowing moves for which the size and
con�guration have been de�ned by a clustering algorithm.
We can consider coarsened hypergraphs as mappings or func-
tions specifying which modules are involved in one move of a
search heuristic. In some instances, the clustering algorithm
may even have a closed form, in which case the coarsening

phase and coarsened hypergraphs can be eliminated and re-
placed by a family of mappings as in (3). Obviously maxi-
mal matching has a closed form: a simple random function.
In several other cases, we may have to keep the coarsening
phase as well as the coarsened hypergraphs as the most con-
venient way to express the function that de�nes the move

sizes and con�gurations.

Finally, we can see how the coarsening phase of standard
multilevel algorithms can be considered to be a generator

1Others consider the whole sequence of swaps evaluated by
the gain function as a single move [24].

of search algorithms in the context of cooperative search.

Let Wi be the set of di�erent walks that can be executed
in the solution space of H0 by a move-based heuristic of
the coarsened hypergraph Hi. Provided Vi 6= Vj , it is not
too diÆcult to prove that 9 wx 2 Wi; wy 2 Wj such that
wx 6= wy. In other words, the same move-based heuristic
executed in two di�erent coarsened hypergraphs Hi and Hj

do not see the same set of solutions in H0. We are therefore
justi�ed to consider each coarsened hypergraph as providing
a di�erent search algorithm.

2.2 Multilevel: a k-exchange heuristic
By contracting hypergraphs, multilevel algorithms gain

run time eÆciencies proportional to the number of modules

in the cluster that de�nes a move. As we explain in this
Section, the price to be paid for speeding-up computation
is to create de�ciencies in the search algorithms. Multi-
level algorithms are a special case of k-exchange heuristics,
a strategy much used to design move-based heuristics and
metaheuristics. Let X0 be the solution space of the mini-

mization problem (2) and let the neighborhood of x 2 X0 be
de�ned as N (x) = y such that y 2 X0 and y can be reached
from x with a single move of the k-exchange heuristic. A
neighborhood structure is a mapping S on the partitionings
of the solution space X0:

S : X0 �! 2
X0 : (4)

This mapping de�nes for each solution x 2 X0 a set of neigh-
bors N (x) 2 2X0 . In the context of k-exchange heuristics,
the neighborhood structure is a function of the value of the

parameter k. Some k-exchange heuristics use this parame-
ter to diversify the search. More advanced heuristics such
as tabu search use a complicated pattern of values of k to
provoke diversi�cation in unexplored regions of the solution
space, to initiate intensi�cation of the search around good
solutions, to cross infeasible regions of the search space, to

probe the solution space, etc. The crossover operator of ge-
netic algorithms which partitions solutions and recombines
the partial solutions in new and hopefully better solutions
is also an implicit application of the k-exchange technique.
The crossover operator executes a k-exchange by replacing
the state of k variables of a solution x by the state of k

variables from another solution y.

When the k-exchange technique is used without restric-

tions on the con�gurations of the k swaps, any solution
x 2 X0 can be reached by a sequence of moves from any
other solution y 2 X0. This is not the case for the multi-
level variant of k-exchange, coarsened moves of multilevel
algorithms restrict the number and con�gurations of netlist
swaps by swapping only the vertices within the same cluster

in Hi. This restriction has a signi�cant impact. The static
con�gurations of netlist swaps as de�ned by the clusters
Ci
j 2 Hi not only a�ect the neighborhood structure, they

also force some solutions in X0 to be excluded from any walk
executed by a move-based heuristic using clusters of Hi, i.e.,

some solutions of X0 are not reachable. Furthermore, the
size of the vertices in a coarsened hypergraph (the value
of k) dictates the size of the solution space for the move-
based heuristics. For example, increasing k reduces the set
of reachable solutions in the solution space X0. Given a
hierarchical clustering algorithm based on maximal match-

ing and a coarsening ratio
jVi�1j

jVij
of approximately two, the

size of the set of reachable solutions (the solution space Xi)



of the partitioning problem for hypergraph Hi is given by

jXij �
1
k!

ni!

(
ni
k
!)
ni
k

, ni = jVij. jXij is substantially smaller

than the size of solution space jX0j �
1
k!

n!

(n
k
!)
n
k
. Although

in the literature this reduction of the size of the solution
space is considered to be an advantage for the initial par-
titioning and re�nement phases of multilevel algorithms, it
potentially defeats these two phases in at least two ways.

Assume an unbiased maximal matching algorithm is used
to reduce the size of the netlist, i.e, the vertices and match-
ing vertices are chosen randomly. Then the following model

characterizes the solution space de�ned by the coarsened hy-

pergraphs. Let
Pni

i=1
f(xi)

ni
be the average of the hyperedge-

cuts of the solution space Xi. Given a hierarchical clustering

algorithm based on an unbiased maximal matching, coars-
ening has no impact on the distribution of the cost function
in coarsened hypergraphs (because low and high cost parti-
tionings are removed from solution spaces with equal prob-
ability during the coarsening phase). Therefore the average

of the hyperedge-cuts of the solution space Xi; i � l will be
approximately constant. This in turn implies that coarsen-
ing levels the landscape of the cost function by driving out
low and high cost partitionings. The leveling action dur-
ing the coarsening phase can obliterate optimal valleys from
the solution spaces of several coarsened hypergraphs, which

will then make it impossible for any move-based heuristic
to identify good regions of the solution space X0. There is
no easy �x for this problem. Simulated annealing, which is
the thermodynamic realization of the same multilevel idea
(temperature acts as a the re�nement parameter), also faces
this problem. There, in order to compensate for the level-

ing impact of the temperature parameter on the landscape
of the cost function, the number of levels is increased and
more time is spent to search each level. This �x is time
consuming.

In practice, most clustering strategies not only aim at
reducing the size of the hypergraphs, but also try to help
the re�nement phase by populating the solution spaces with

good partitionings (using strategies like \heavy-edge match-
ing" for example). In this case the average of the hyperedge-
cuts might not be constant across the solution spaces. Most
likely, low cost partitionings will have proportionally more
representatives in solution spaces Xi than in the solution
space X0. This kind of distribution in the solution space

has a negative impact on the diversity of the solutions, a
limitation identi�ed in the early stage of the development of
genetic algorithms. Heuristics like GA move in the solution
space by combining blocks of k variables in di�erent ways.
For an extensive exploration, such heuristics need a diversi-

�ed base of combinations, a diversi�ed set of solutions in the
population. GA fail when trying to get di�erent solutions
from a self-similar genotype (block of similar genes). They
are then trapped in a region of the solution space due to
the lack of diversity in the unfavorable distribution of good
but non-optimal solutions in a population. The vertices of

a coarsened hypergraph constitute the genotype (blocks of
modules) used by move-based heuristics to create partition-
ings. Given the small number of vertices in highly coarsened
hypergraphs and given the restriction imposed by coarsen-
ing on k-exchange, a biased coarsening phase may leave very
little diversity in highly coarsened hypergraphs. This in turn

causes the partitioning and re�nement phases to be trapped

in local optima. Biased clustering strategies can reduce the

work needed during the re�nement phase, thereby speeding-
up the computation, but they may not help to get better
partitionings.

3. COMHP ALGORITHM
Contracting hypergraphs may speed-up the computation of
partitionings and help FM-like heuristics by increasing the
degree of the vertices. On the other hand, the brief analysis

of Section 2.2 shows that contracting cannot help to �nd
good solutions if they have been removed from the solution
space during the coarsening phase. Reducing the size of the
solution space is not by itself a suÆcient condition to suc-
cessfully identify optimum regions of the solution space. We
can address these inherent problems associated with coars-

ening by using good partitionings found during the re�ne-
ment phase of standard multilevel algorithms as a source
of information to repair the original set of coarsened hyper-
graphs. There is a cost associate with this approach because
of the extra computation during the re�nement phase, but
the improvement of the quality of the �nal partitionings is

impressive.

Our approach to implement this idea is based on coop-
erative search. The design space of cooperative search al-
gorithms is quite large, the implementation proposed here
is a rather limited use of those possibilities. Our restraint
in the current design has been motivated by our desire to
keep intact the aspects of the standard multilevel paradigm

that have made successful this approach. In other words,
we have tried to guarantee the success of this new algorithm
based on the knowledge of generations of researchers that
have worked on the partitioning problem before us.

The design of this cooperative multilevel algorithm has
two phases: �rst we de�ne the initial search methods (the
coarsening phase), second we de�ne the cooperation protocol

for sharing states among the search methods.

3.1 CoMHP Coarsening Strategy
In the context of cooperative search and in accordance with

section 2.1, we obtain di�erent search algorithms by con-
tracting the original netlist in di�erent coarsened hyper-
graphs. The vertices of those coarsened hypergraphs are the
building blocks that move-based heuristics combine to gener-
ate partitionings. The selection of those blocks is critical for

a successful re�nement phase. Usually recursive matching-
based clustering algorithms such as edge-coarsening, hyperedge-
coarsening, maximal matching andmodi�ed-hypergraph-coarsening
[4; 13] are used to reduce the size of the netlist. Our ap-
proach to coarsening is not based on the recursive de�nition
of levels as in most multilevel algorithms. Rather we pro-

pose to generate the coarsened hypergraph Hi directly from
the netlist, not from hypergraph Hi�1. We address the
problem of contracting the netlist as a partitioning prob-
lem. To obtain a hierarchy of coarsened hypergraphs as
de�ned in (3), we solve the partitioning problem (2) for
k = ki = n

2i
; 0 < i � l. More speci�cally, we seek a map-

ping instance Ci = fCi
1; C

i
2; : : : ; C

i
n

2i
g that minimizes the

cost function (2), where 2i is the size of the clusters at level
i and n

2i
is the number of clusters. We identify this hierar-

chical coarsening strategy as partition-based coarsening. In
practice, the mapping Ci is the hMETIS k-way hypergraph

partitioning software [14] and the partitioning returned by



hMETIS is an instance fCi
1; C

i
2; : : : ; C

i
n

2i
g that minimizes the

cost function (2) according to this software. The coarsening
phase of our algorithm uses a n

2
-way partitioning to get H1,

n
22
-way partitioning to get H2, etc.

The partition-based coarsening strategy is a compromise
between maximal matching that might obliterate too many
good solutions and a coarsening phase biased by the edge-
weights. By having a coarsening phase that is biased by

several cost functions, we hope to obtain a diversi�ed set
of building blocks for the initial partitioning and re�nement
phases. This is not however a very good compromise in
terms of run time and space eÆciency. We need to run
a partitioning method to generate each of the l coarsened
hypergraphs of CoMHP. The sequential time complexity

of a partitioning method generally depends on two inputs:
the size of the hypergraph and k the number of subsets of
the partitioning problem. The worst case for CoMHP is
when k � n

2
, the number of vertices of H1, the less coars-

ened hypergraph of CoMHP. The sequential time complex-

ity of the coarsening phase for CoMHP is then given by
the sum of the sequential times of the l partitioning pro-
cesses. The coarsening phase of CoMHP can be easily par-
allelized, one only needs to run each partitioning process on
a di�erent processor. The parallel time complexity is then
dominated by the processor that computes the partitioning

for k � n
2
. The space complexity of sequential CoMHP is

O(2� (V0+E0)), which is the space needed to load H0 and
to store H1 to Hl. The space complexity of parallel CoMHP
is O((l+1)�(V0+E0)) on SMP computers, H0 is loaded and
shared by all the processes while space is required to store
the coarsened hypergraphs generated by each multilevel par-

titioning process. If non-multilevel partitioning methods are
used, then the space complexity of parallel CoMHP is the
same as for sequential CoMHP. Other options are available
to implement our model of the coarsening phase, like recov-
ering the partitioning levels of a partitioning method based
on recursive bisection. We can ask the partitioning method

to computes a k-way partitioning where k = n
2
, the num-

ber of vertices in H1. Hypergraph H1 corresponds to the
log2 n � 1th bisection of the partitioning method. For the
other hypergraphs H2; H3; : : : ; Hl, we use respectively the
partitionings of the bisections log2 n� i; 1 < i � l. Assum-

ing the partitioning method is not parallelized, this needs
about the same computational time as our current parallel
coarsening implementation but uses substantially less space.
We have used this approach for the version of our algorithm
applied to graph partitioning [23].

The way we compute the coarsened hypergraphs directly
from H0 has some impact on the re�nement phase. When
the mapping of vertices of H0 to clusters of Hi is based on
a recursive coarsening algorithm, we have vertex Ci

j 2 Hi =

Ci�1
p [ Ci�1

q for some vertices Ci�1
p ; Ci�1

q 2 Hi�1. So if

v 2 H0 is mapped to Ci�1
j 2 Hi�1, then v is automatically

mapped to Ci
k, the superset of Ci�1

j in the coarsened hy-
pergraph Hi. It is then usual to consider hypergraphs as

related level by level. This is not necessarily the case when
using our coarsening strategy. The vertices of H0 that are
mapped to a cluster Ci

j 2 Hi can be spread among several
clusters in each hypergraph Hj ; j > i. For example, in Sec-
tion 3.2.3, the design of our interpolation operator re
ects
the fact that the coarsened hypergraphs in CoMHP are not

related level by level.

Whether we use a direct or a bisection k-way partition-

ing algorithm for our coarsening phase, the solution spaces
are biased by the cost function of the partitioning prob-
lem solved at each coarsened hypergraph. We have done
some preliminary tests with coarsening strategies not re-
lated to our partition-based coarsening approach. We al-
ways found better partitionings during the initial partition-

ing phase as well as during the re�nement phase when hyper-
graphs are clustered by a partition-based coarsening strat-
egy (compared to matching-based coarsening strategies). Partition-
based coarsening appears to generate coarsened hypergraphs
which have fewer hyperedges spanning several vertices com-
pared to those obtained by matching-based coarsening. In

this case, the average of the hyperedge-cuts of the solution
spaces should not be constant and it should be lower com-
pared to a matching-based coarsening. Most likely, the par-
titioning phase will be initiated from solution spaces with
several local optima. For a standard multilevel algorithm,
having fewer hyperedges might be a handicap since it may be

trapped during the uncoarsening phase in the local optima
of the solution spaces.

3.2 CoMHP Cooperation Protocol
The cooperation protocol of cooperative algorithms speci-
�es how the set of unrelated heuristics can share states at
run time. The design of this protocol is usually quite com-
plex and involves setting-up parameters to govern the four

following considerations:

1. Which data are shared;

2. Which heuristics engage in the sharing;

3. The frequency of the sharing;

4. Whether the sharing takes place synchronously or asyn-
chronously.

The speci�cs about this setting depend naturally on the
application. In CoMHP, the unrelated heuristics are the
coarsened hypergraphs generated by the coarsening algo-
rithm. The original set of coarsened hypergraphs happen
to contain the objects that need to be repaired for a more

eÆcient re�nement phase. Consequently the states shared
among the unrelated heuristics have to contribute to repair-
ing the coarsened hypergraphs. The solution to this design
issue has come from scatter search, �rst proposed by Glover
[6] and vocabulary building also �rst introduced by Glover
[7]. Scatter search algorithms are population based search

heuristics that seek to exploit information contained in \elite
solutions" (i.e., best solutions) by combining them to derive
new solutions. Vocabulary building is a variation of scatter
search which focuses on components of elite solutions (par-
tial solutions) rather than complete solutions. Vocabulary

building uses partial solutions extracted from the elite solu-
tions to form a pool of solution fragments, which in turn are
combined to form larger fragments until complete solutions
are generated. Procedures using this design have been im-
plemented for the Vehicle Routing Problem by Rochat and
Taillard [18] among many others.

We have adapted principles from scatter search and vo-
cabulary building to set the parameter that speci�es which
data are shared among the search heuristics. Our adapta-
tion is based on elite solutions (elite partitionings) that are
sent from a hypergraph Hi to another hypergraph Hj . The
elite partitionings of a hypergraph Hi is a set X

0

i � X0 such

that the average of the hyperedge-cuts of the partitionings



of X 0

i is better than the average of the hyperedge-cuts of

all the partitionings identi�ed in Hi from the beginning of
the computation until the current iteration t. We express
formally this property of elite partitionings as:

P
x2X0

i
f(x)

n0i
< c(

P
x2Xi

f(x)

ni
) (5)

for some real constant c < 1, n0i = jX 0

i j and as usual ni =
jXij. The hypergraph Hj uses the elite solutions received
from Hi as �lters to identify: 1) new solution fragments

(vertices) capable of producing good partitionings once com-
bined by the move-based heuristics inHj ; 2) current vertices
of Hj that need to be destroyed because the are unlikely to
produce good partitionings. We set the second parameter
above by allowing the sharing of elite solutions only among

search heuristics that partition neighbor hypergraphs in the
hierarchy of hypergraphs: Hi�1 and Hi+1 share partition-
ings with Hi. The fourth parameter is set as explained
in Section 1, the sharing of partitioning takes place asyn-
chronously among the processes. We describe later how we
have set parameter 3.

We use elite partitionings in three di�erent ways for the
re�nement phase, using three di�erent operators: the local
partitioning, local clustering and interpolation operators.

The three operators use information provided by those elite
partitionings. In order to make the description of the three
operators more intuitive, we assume that each hypergraph
Hi is associated with a process pi at run time.

3.2.1 Local partitioning operator
At each iteration of process pi, the local partitioning opera-
tor gets the current set X 0

i�1 of hypergraph Hi�1. The local

partitioning operator uses elite solutions of X 0

i�1 to identify
which vertices (clusters) in Vi need to be destroyed. This
identi�cation is achieved by �nding clusters v 2 Vi such that
v has at least two vertices a; b 2 V0 that are into two di�erent
subsets of at least one of the elite partitionings of X 0

i�1. In
other words, the local partitioning operator destroys vertices

of hypergraph Hi that overlap subsets of elite partitionings
in X 0

i�1.

This operator �rst selects all the vertices v 2 Vi that

satisfy v\Pp 6= ;; v\Pq 6= ; for at least one elite partitioning
x 2 X 0

i�1 (Pp; Pq are the subsets of partitioning x). Let Dit

be the set of vertices in Vi that overlap more than one subset
P of a partitioning x 2 X 0

i�1. Local partitioning partitions
the vertices of Dit so that they do not overlap the subsets
of at least one partitioning in X 0

i�1. Therefore the operator

seeks an x 2 X 0

i�1 that has at least two subsets overlapped
by v 2 Dit. For example, if v overlaps P1; P2 2 x1, then v

is partitioned in two vertices v1; v2 2 Vi such that v1 � P1
and v2 � P2. Since v1 � v and v2 � v, v1\v2 = ; and v1; v2
are legal vertices according to De�nition 2 of a vertex in a
coarsened hypergraph.

In Figure 2, C1\P1 6= ; and C2\P2 6= ; for x 2 X 0

0. Ver-
tex C1 overlaps subsets P1 and P2 of partitioning x of H0.
The local partitioning operator identi�es C1 and repairs hy-

pergraph H1 by partitioning vertex C1 in two new vertices
10 and 14 in H1. Vertex 10 � P2 and vertex 14 � P1,
10 � C1, 14 � C1, 10 \ 14 = ;, therefore 10 and 14 are two
legal vertices for the coarsened hypergraph H1. The same
situation holds for vertex C2 of H1. As explained in Section
2, the solution space Xi is smaller than Xi�1, consequently

Xi is faster to search than Xi�1. But this advantage may
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Figure 2: Repair of H1 by local partitioning.

be lost if Hi has too many 
awed blocks (vertices), pre-

venting heuristics from identifying interesting valleys of the
solution space X0. By partitioning clusters like C1 and C2,
the local partitioning operator destroys two partial solutions
(C1 and C2) that prevent move-based partitioning processes
from reaching a good partitioning such as x 2 X0. By us-
ing elite partitionings from Xi�1 to identify which vertices

of Hi to destroy, the local partitioning operator presumably
opens interesting regions of the solution space X0 to the
move-based heuristics at level i.

In terms of implementation, we usually limit the set X 0

i�1

to only two partitionings from Xi�1 each time local parti-

tioning is executed. A future work will test strategies for
selecting elite solutions, drawing on guidelines proposed in
Glover and Laguna [9] and Glover [8].

The execution of local partitioning is followed by the ex-
ecution of a move-based heuristic on the re�ned hypergraph

Hi.

3.2.2 Local clustering operator
At each iteration of process pi, the local clustering operator
gets the current X 0

i�1 of hypergraph Hi�1. Local clustering
uses elite partitionings from X 0

i�1 to identify which vertices

of H0 can be clustered together in the coarsened hypergraph
Hi. The current implementation is simple. To create a new
vertex in Hi, local clustering merges vertices from Hi�1 that
are in the same subsets of all elite partitionings in X 0

i�1. For
example, let X 0

i�1 = fx1; x2; x3g. Local clustering looks for
a vertex v 2 Vi�1 such that v � P 1

j ; P
2
j ; P

3
j ; 1 � j � k

(P 1
j ; P

2
j ; P

3
j are subset j respectively of partitionings x1; x2

and x3 in X 0

i�1). Let Cit � Vi�1 be the set of vertices in

Vi�1 that are in the same subset j of all partitionings in
X 0

i�1. Local clustering creates new vertices in the coarsened
hypergraph Hi by merging vertices from Cit. The current
implementation merges two vertices together from Cit ac-
cording to the two following criteria: 1) The two vertices
vp; vq 2 Cit are in the same subset P for all partitionings

x 2 X 0

i�1; 2) the two vertices lie on the same hyperedge.



In Figure 3, local clustering merges vertices 10 and 13 of

H0 to create a new cluster C1 in H1. The new cluster C1

represents the fact that vertices 10 and 13 are together in
the same subset of the good partitioning x in X0. Similarly
for cluster C2.

Local clustering tends to reduce the number of vertices in
a coarsened hypergraph. This balances the e�ect of the local
partitioning operator which tends to increase the number of
vertices. Empirically we have veri�ed that the number of
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Figure 3: Repair of H1 by local clustering.

vertices tends to be relatively constant in the coarsened hy-
pergraph although we do not do anything speci�c to keep
this number constant. We hypothesize at this point that the

stable number of vertices is related to the set of elite parti-
tionings. We use the same set for both the local clustering
and local partitioning operators.

3.2.3 Interpolation Operator
The interpolation operator of process pi uses the current
best partitioning of Hi+1 as an initial solution of a move-
based heuristic in hypergraph Hi. Let x be the best par-
titioning of hypergraph Hi+1 at iteration t of process pi.

Because of the coarsening strategy used in CoMHP, it is
possible that vertices in Hi will overlap several subsets of
partitioning x. A split of these vertices in Hi needs to be
performed. Let P1; P2; : : : ; Pk be the subsets of partitioning
x. The interpolation operator of process pi looks for every
vertex v 2 Vi that overlaps more than one subset of the par-

titioning x. Let v 2 Vi be such a vertex overlapping subsets
Pp; Pq of x. Then two vertices vp; vq 2 Vi are created in the
following manner: vp = v \ Pp and vq = v \ Pq . Follow-
ing the split, a FM search is applied to hypergraph Hi using
an initial partitioning that re
ects the partitioning obtained
from Hi+1.

3.2.4 The main loop of CoMHP
One iteration of any process pi corresponds to one iteration

of the following main loop: local partitioning, interpolation,

local clustering and global search. Processes share parti-

tionings at each iteration of the main loop, this is how we
set the parameter regarding the frequency for information
sharing (parameter 3 above). Figure 4 details the main loop
of the each process.

CoMHP( ); /* process pi */

Compute an initial partitioning; /* initial partitioning phase of

standard multilevel algorithm */

While not terminated f /* begin outer loop */

Apply local partitioning to Hi

Execute FMS and PFM on new Hi;

Apply interpolation to current Hi

Execute FMS and PFM using a good partitionings of Hi+1;

Apply local clustering to current Hi

Execute FMS and PFM on new Hi;

GlobalSearch( ) f
If number of vertices < 500

do random search;

else execute hMETIS; g
Save pi's good local and global partitioning results;

g /* end outer loop */

End CoMHP

Figure 4: Main loop of CoMHP

Each process of CoMHP applies two di�erent move-based
heuristics to perform local searches and two global search
algorithms. Local search algorithms start a search based
on an existing partitioning, while global search algorithms
�rst generate a partitioning and then perform a local search.
The local move-based heuristics are the Sanchis algorithm

(FMS) [19], and the multiway partitioning by free moves
(PFM) proposed by Dasdan and Aykanat [5]. For global
search we use a random search algorithm, where an initial
partitioning is generated randomly, followed by the execu-
tion of a local search to re�ne this partitioning. The ran-
dom search algorithm is used for high levels, for coarsened

hypergraphs having less than 500 vertices. We use the mul-
tilevel k-way hypergraph partitioning algorithm [14] as an-
other global search algorithm in CoMHP.

The three operators of the cooperation protocol are based
on l mapping vectors as described in De�nition 1. Given

a mapping instance Ci = fCi
1; C

i
2; : : : ; C

i
kig for level i, a

mapping vector is an array of integers of size jV0j that maps
each vertex v 2 V0 to a cluster Ci

j 2 C
i. Each execution

of the partial clustering and partial partitioning operators
de�nes a new mapping instance Ci at level i, which implies
that the mapping vector needs to be updated. Partitionings

are also de�ned in the same manner using mapping vectors.
The total space requirement for the cooperation protocol is
O(2�l�jV0j). The cooperation protocol can be implemented
at no cost in term of space requirement using the recursive
mapping:

C
i : Vi�1 �! 2Vi�1 (6)

rather than the direct mapping to H0 of De�nition 1. This
is possible if the vertices of Hi are the union of vertices
of Hi�1. In that case we simply need a mapping vector
of size jVi�1j for each level i, but this mapping vector is
already part of standard multilevel data structures. Since we
are using mapping instances to �nd the sets Dit and Cit of

vertices, the time requirement for the three operators is also



dominated by the number of vertices in H0. For example,

to execute one iteration of local partitioning at level i, we
need to perform one sweep across the vertices of H0 using
the mapping instance Ci and the partitionings of X 0

i�1 to
get Dit. Then a second sweep across the vertices of H0 is
performed to get a new mapping instance Ci and the new
coarsened hypergraph Hi needed by the local and global

partitioning methods. Therefore the time requirement for
the cooperation protocol is O(jV0j) for each execution of
one of the operators.

3.2.5 How CoMHP Works
Intuitively it is not too diÆcult to understand how these
three operators help to improve the performance of the lo-
cal and global searches. In traditional multilevel partition-
ing, once the hierarchy H0; :::; Hl is computed, it remains
static as iterative re�nement takes place. In our implemen-

tation, the hypergraphs H1; :::; Hl change dynamically. The
local partitioning operator �nds those vertices in Vi that
overlap subsets of good partitionings in Xi�1 and destroys
them. The local clustering operator populates hypergraph
Hi with good vertices (in term of permutations). These
changes in the coarsened hypergraphs are based on elite so-

lutions which open for exploration of new and interesting
regions of X0 (by move-based heuristics working with small
hypergraphs). This in turn helps the interpolation opera-
tor to be more eÆcient in directing move-based heuristics
working with larger and less dense hypergraphs.

There is another critical aspect to the convergence behav-
ior of CoMHP. Cooperative algorithms such as CoMHP are
dynamical systems [22], their convergence behavior is gov-

erned by an energy function similar to the energy function of
Hop�eld networks [12] and other similar dynamical systems.
The simplest way to describe the convergence behavior of
CoMHP is through a brief description of a recursive net-
work like Hop�eld networks. A recursive network of l units
is de�ned by a state vector x = [x1; x2; : : : ; xl] 2 f�1; 1g

l, a

l� l matrix of couplings W = [wij : 1 � i; j � l] and � a real
l-vector. The matrixW and the vector � are the parameters
of the recursive network. The evolution of the system along
the time axis is described by a dynamic equation of the type:

xi(t+ 1) = Sgn [

lX

j=1

wijxj(t)� �i]; i = 1; 2; : : : ; l (7)

One can observe that as the system is iterated, it will go
across states among the 2l possible state vectors, the state
space of the system. The evolution of such a system is often

governed by an energy function

E(x) = �
1

2

lX

i 6=j=1

wijxixj : (8)

Under certain conditions, this energy function is strictly de-
creasing on a �nite interval of time. Any iteration of the
system yields a trajectory in the state space of the system

that minimizes the energy of the system. Recursive networks
can be used to solve combinatorial optimization problems.
In this case, the objective function is mapped into an energy
function. As the system is iterated, it converges toward a
minimum energy level, from which the solution to the opti-
mization problem can be read. An example of energy func-

tion for the bisection of a graph is given by:

E(x) = �
1

2

lX

i;j=1

wijxixj +
�

2
((

lX

i=1

xi)
2
�

lX

i=1

x
2
i ); (9)

where the term �
2
((
Pl

i=1
xi)

2
�
Pl

i=1
x2i ) is a penalty func-

tion that increases the energy of the system when the sub-
sets of the partitionings are not balanced (see [17] for more
details).

The state vector X (t) of the dynamical system CoMHP
is given by the union of l + 1 boolean vectors of size m,
where m = k � jV0j, i.e., m is the number of variables of
the optimization problem times the number of subsets k in
the partitioning problem. The value l + 1 corresponds to

the number of processes. Each variable X (t)i of the state
vector X (t) is a boolean value that is equal to 1 when i =
v � q, where v is a vertex of V0, v = 1; : : : ; jV0j, and v is
in the subset q of the partitioning, q = 1; : : : ; k. Otherwise
X (t)i = 0. If the number of hypergraphs is equal to l+ 1, a
state of the cooperative search is given by the union of the

l + 1 boolean vectors representing the current partitioning
at each level. The matrix of couplings W is given by the
cooperation protocol. Finally �i corresponds to the search
heuristic at level i. The dynamics of CoMHP are provided
by the search heuristics and the cooperation protocol. The
energy function is given by

E(X ) =

lX

i6=j=0

f

P
x2X0

i
f(x)

n0i
�

P
x2X0

j
f(x)

n0j
g (10)

i.e., the sum of the di�erences of the average of the hyperedge-
cuts of the elite solutions among all the levels. The state
space is the 2m�(l+1) possible state vectors. Designing a co-

operative algorithm like CoMHP consists of selecting a set of
search heuristics and a cooperation protocol such that the
dynamics of the system converge toward interesting local
optima of the optimization function.

The impact of the matrix of couplings on the convergence
behavior and the evolution of the CoMHP is obvious. The
three local operators keep changing the vertices of the coars-
ened hypergraphs. These changes de�ne the regions of the
state space that are reachable by the cooperative system.

The trajectory of the cooperative algorithm in the reach-
able state space is then set by the cost function of the opti-
mization problem as well as some other parameters related
to the move-based heuristics. The reachable state space
is rede�ned every time vertices are created or destroyed.
The process of creating and destroying vertices ends pre-

cisely when the energy function of the cooperative search
has reached a minimum (i.e., when the elite solutions have
similar hyperedge-cuts). At that point the trajectory of the
system is con�ned to the same region of the state space for-
ever (as it is the case for a standard multilevel algorithm).

Once the system has reached a minimum energy, the cooper-
ation protocol has a relatively limited impact on the search
process (only the interpolation operator is still active). It is
at this point that the three local operators stop to have any
signi�cant impact on the exploration of the solution space,
the system has converged to a minimum energy state.

The use of an energy function to control and coordinate
a set of unrelated search heuristics is what makes coopera-
tive algorithms so powerful. Unfortunately, the cooperation

protocol and the local heuristics of cooperative algorithms



do not lend themselves to easy functional representations.

Consequently designing cooperative algorithms is often very
tricky and is based on empirical observations, i.e., trial and
error. This state of improvisation often results in coop-
erative algorithms that are not particularly stable. They
converge well on some instances, yet very poorly on other
instances of the same optimization problem. Multilevel al-

gorithms �rst attracted our attention because of the con-
straints imposed by the coarsening phase on the k-exchange
moves. This makes the dynamics of local heuristics much
more stable and allows a better control on the convergence
behavior of the whole cooperative search. For this reason,
the present design of our cooperative multilevel algorithm

for hypergraph partitioning has been mostly oriented to-
ward achieving a stable cooperative algorithm. A fortunate
combination of an adaptation of scatter search principles to
hypergraph partitioning with the way multilevel algorithms
use k-exchange, has produced, to our knowledge, one of the
most stable and eÆcient cooperative search algorithms. The

resulting cooperative multilevel algorithm is also a new de-
sign approach for eÆcient cooperative search algorithms. In
future designs, this intuitive approach will be supplemented
by qualitative studies of the convergence behavior that have
been used previously to design other cooperative algorithms
[22]. These approaches are based on cellular automata the-

ory and statistical mechanics. We anticipate such an inte-
gration will enable the design of cooperation protocols whose
resultant energy functions will allow even better partition-
ings to be found.

4. EXPERIMENTAL RESULTS
We have evaluated the performance of our CoMHP algo-

rithm on the ISPD98 benchmark suite of netlists [2], com-
paring the performance of CoMHP with the version 1.5.3 the
hMETIS partitioning package. We have implemented a par-
allel version of our hypergraph partitioning algorithm and
have run it on SGI computer at the RCF (Research Comput-
ing Facility) of the University of Nebraska-Lincoln. hMETIS

has also been run on this same environment. RCF possesses
a shared memory SGI O2000 system with 16 250Mhz R10k
CPUs, 4GB main memory, and runs on the IRIX 6.5 Oper-
ating System. For each problem instance, we have executed
10 runs of hMETIS with recursive bisection and 10 runs

with hMETIS-Kway (the direct approach) [14]. Our algo-
rithm has been run for 10 iterations of process p0. Since
hypergraph H0 is the largest one in the sequence of hyper-
graphs, process p0 takes more time than any other process
to complete one iteration of the re�nement phase.

Tables 1 and 2 present the 2,4,8-way hyperedge-cuts for
respectively the unit cell area and the non-unit (real) cell
area with CoMHP (Co) and hMETIS (hM). Out of the 108
tests executed, hMETIS outperforms or yields the same re-
sults as CoMHP in 8 instances, while CoMHP outperforms

hMETIS for 100 instances. For 2-way partitioning, the im-
provements of CoMHP over hMETIS are not signi�cant.
For 4-way and 8-way partitioning, CoMHP can get up to
a 15% improvement in the hyperedge-cuts over hMETIS.
For hMETIS, Tables 1 and 2 report the best solution of

bisection or hMETIS-Kway. In 102 cases, hMETIS with bi-
section found the best solution while hMETIS-Kway found
the best solution in the 6 other instances.

Tables 3 and 4 present the runtimes (parallel computa-

tional time) of both algorithms. For CoMHP, the runtime

Table 1: Min-cut 2,4,8-way partitioning results with up to
a 10% deviation from exact partitioning, cells are assigned
unit area (Columns \hM" and \Co" stand respectively for
hMETIS and CoHMP).

Circuit 2-way 4-way 8-way

hM Co hM Co hM Co

IBM01 180 180 495 430 750 711

IBM02 262 262 616 560 1841 1483

IBM03 953 950 1682 1619 2402 2219

IBM04 529 530 1689 1597 2778 2507

IBM05 1708 1697 3024 2888 4306 3874

IBM06 889 890 1484 1465 2275 2204

IBM07 849 824 2188 2036 3308 3098

IBM08 1142 1140 2363 2241 3469 3240

IBM09 629 620 1670 1606 2659 2474

IBM10 1256 1249 2283 2164 3761 3305

IBM11 960 960 2321 2196 3433 3160

IBM12 1881 1872 3730 3520 5972 5384

IBM13 840 832 1661 1671 2717 2483

IBM14 1891 1816 3278 3097 5060 4263

IBM15 2598 2619 5019 4591 6623 5960

IBM16 1755 1709 3816 3745 6475 5360

IBM17 2212 2187 5395 5194 8695 7960

IBM18 1525 1521 2881 2810 5169 4435

Table 2: Min-cut 2,4,8-way partitioning results with up to
a 10% deviation from exact partitioning, cells are assigned
non- unit (actual) area.

Circuit 2-way 4-way 8-way
hM Co hM Co hM Co

IBM01 217 215 343 340 606 573

IBM02 266 247 470 399 833 762

IBM03 707 608 1348 1220 1981 1879

IBM04 440 438 1321 1209 2408 2241

IBM05 1716 1681 3002 2895 4331 3950

IBM06 367 363 1149 1056 1716 1688

IBM07 716 721 1539 1480 2918 2707

IBM08 1149 1120 2143 1992 3330 3120

IBM09 523 519 1418 1334 2337 2079

IBM10 769 734 1845 1636 3098 2751

IBM11 697 688 1893 1699 2948 2768

IBM12 1975 1970 3577 3402 4957 4762

IBM13 859 832 1698 1568 2439 2298

IBM14 1520 1494 3048 2869 4833 4360

IBM15 1786 1771 4435 4314 6111 5756

IBM16 1681 1639 3562 3149 5580 5146

IBM17 2252 2156 4824 4393 8222 7003

IBM18 1520 1520 3104 2941 4833 4416



indicates the total time to run 10 iterations of p0 plus the

time to perform the coarsening phase. For hMETIS we re-
port the time to execute 1 run of the bisection approach
in order to factor the use of several processors by CoMHP.
This biases the results slightly in favor of hMETIS given that
CoMHP uses 10 processors only for a few problem instances.

In Tables 3 and 4, on average hMETIS is 20 to 25 times
faster than CoMHP for the 108 tests. But currently, the
amount of improvement in the hyperedge-cuts of CoMHP is
not signi�cant after 3 or 4 iterations of the search phase by
process p0. At that point the energy function (10) is low and
seems stable in its minimum. This behavior was unexpected

since, in the version for graph partitioning, the energy func-
tion goes through several plateaus before stabilizing. This
behavior of the energy function for CoMHP is most likely
caused by our coarsening algorithm which is strongly biased
by the cost function of each coarsening level. The re�nement

phase starts in good regions of the solution space, causing
CoMHP to converge rapidly toward good partitionings, but
unable however to generate vertices in the coarsened hy-
pergraphs that will cause the dynamical system to explore
substantially di�erent regions of its state space. It could be
an indication that, unlike the expectations we had for our

coarsening strategy, it fails to provide enough diversity in
the original set of coarsened hypergraph. We could either
try other coarsening approaches or change the cooperation
protocol so as to allow a more extensive exploration of the
solution space based on the assumption that the original
coarsened hypergraphs are too entrenched in local optima.

At this point our choice of 10 iterations as a stopping cri-
terion does not re
ect accurately the current runtime com-
petitiveness of CoMHP. In fact, in the current version of
CoMHP, running only 2 or 3 iterations will not result in any

serious degradations of the results obtained using 10 iter-
ations. We have also performed tests with hMETIS using
100 restarts and also allowing the same runtime for hMETIS
as for CoMHP with 10 iterations. The hyperedge-cuts were
not substantially better than with 10 runs, in this regard
hMETIS is quite stable.

5. CONCLUSION AND FUTURE WORK
We have described a new netlist partitioning algorithm in-
spired from the multilevel paradigm and the cooperative
search paradigm. We look at the standard multilevel paradigm
as a variant of k-exchange, a technique used to de�ne the
move sizes of move-based heuristics. We see the vertices of

coarsened hypergraphs as a mechanism to select the move
sizes and con�gurations of the local search heuristics that
partition the netlist. Following this perspective, the set of
coarsened hypergraphs constitutes a set of unrelated search
heuristics. Then we introduce a cooperation protocol that
speci�es how those heuristics share states at run time.

The runtimes of the current CoMHP algorithm do not
compare well with a partitioning method like hMETIS. This
problem will be addressed in future designs of cooperative
multilevel algorithms. Currently, the computational time of

CoMHP is dominated by the execution of the global and
local search subroutines. A global search like hMETIS is
called each time a coarsened hypergraph has been modi�ed
by the local clustering and partitioning operators. Local
search methods are used with the same philosophy. We be-
lieve that we will be able to reduce substantially the use of

global and local searches without degrading the quality of

Table 3: Run-time performance for min-cut 2,4,8-way parti-
tioning with up to a 10% deviation from exact partitioning,
cells are assigned unit area.

Circuit 2-way 4-way 8-way
hM Co hM Co hM Co

IBM01 0.2 5 0.3 7 0.5 11

IBM02 0.4 10 0.7 12 1.1 21

IBM03 0.4 16 0.8 17 1.1 25

IBM04 0.5 16 1.0 19 1.3 26

IBM05 0.7 18 1.2 24 1.6 30

IBM06 0.6 21 1.2 23 1.7 33

IBM07 1.1 32 2.0 38 2.6 53

IBM08 1.6 36 2.6 51 3.4 59

IBM09 1.0 34 2.0 40 2.6 58

IBM10 2.2 56 3.5 65 5.0 91

IBM11 1.5 50 3.0 59 3.9 78

IBM12 1.9 62 4.6 73 5.1 115

IBM13 2.0 60 3.6 72 5.1 100

IBM14 5.9 79 9.1 141 13.0 169

IBM15 6.6 121 11.0 176 14.1 217

IBM16 7.6 142 13.3 192 19.0 238

IBM17 9.4 219 17.1 196 22.2 374

IBM18 7.7 178 15.1 192 20.4 301

Table 4: Run-time performance for min-cut 2,4,8-way parti-
tioning with up to a 10% deviation from exact partitioning,

cells are assigned non-unit (actual) area.

Circuit 2-way 4-way 8-way
hM Co hM Co hM Co

IBM01 0.2 6 0.3 7 0.5 11

IBM02 0.3 10 0.7 13 1.0 20

IBM03 0.4 11 0.8 19 1.2 26

IBM04 0.5 16 0.9 18 1.3 26

IBM05 0.6 18 1.2 23 1.6 35

IBM06 0.5 15 1.2 22 1.7 35

IBM07 1.0 29 2.0 41 2.7 54

IBM08 1.2 25 2.2 35 3.1 57

IBM09 1.1 40 1.8 45 2.6 65

IBM10 1.7 52 3.4 64 4.9 93

IBM11 1.4 44 2.7 53 4.4 88

IBM12 2.0 58 3.8 75 5.1 113

IBM13 1.9 53 3.7 71 4.9 113

IBM14 6.0 81 9.0 145 13.0 151

IBM15 5.6 111 12.0 160 14.2 197

IBM16 6.7 168 13.1 197 18.0 264

IBM17 11.2 243 18.2 286 23.8 354

IBM18 8.7 189 15.9 235 20.5 296



partitionings. We can also adapt the local search routines

to CoMHP, for example by not 
ipping all vertices for re-
�nement, but rather stopping the search after 
ipping part
(20%, for example) of the vertices. In the mean time, we
can stop the execution after a few iterations (2 or 3 rather
than 10 iterations as in our experiments) without impor-
tant degradations of the results obtained with 10 iterations.

Then the runtime performance of CoMHP appears in a more
favorable light.

The originality of CoMHP comes from the use of the co-
operation protocol to control local and global move-based
search methods. As explained in the paper, we have been
very conservative in exploiting this aspect of the design
space of cooperative algorithms. Improvements both in terms

of computational time and quality of partitionings are most
likely to result from re�ning the choice of elite solutions,
the set of \repair" operators, the selection of the levels be-
tween which sharing takes place, etc. Another important
aspect to improve cooperative multilevel algorithms is a bet-
ter understanding of the dynamics resulting from the cou-

plings speci�ed by the cooperation protocol, the heuristic of
the search algorithms and the interactions among these two
components of cooperative algorithms. A formal approach
to study this aspect of cooperative algorithms is still in its
infancy. Because of the diÆculties to get a functional repre-

sentation of the cooperation protocol and search heuristics,
in the past, we have used cellular automata (as an alter-
native to di�erential equations) to simulate the dynamics
of cooperative algorithms [22]. Cellular automata can be
programmed to simulate the interactions between the co-
operation protocol and search heuristics and then iterated

as simpli�ed dynamical models of cooperative search. The
qualitative dynamical behavior of some cellular automata
is well formalized, such simulations help to understand the
convergence behavior of the energy function in cooperative
systems. This approach is most likely also applicable to
multilevel cooperative algorithms. We think that rigorous

studies of the dynamics and energy function of multilevel co-
operative algorithms are bound to produce re�nements that
will yield substantially better partitionings.

Finally this cooperative search paradigm could be applied
to create partitioning methods capable of partitioning hy-
pergraphs with �xed vertices, which could enhance the use-
fulness of this paradigm in VLSI design. The re�nement

phase of CoMHP is 
exible, it could adapt to local con-
straints imposed on coarsening by speci�c needs from the
physical design process. This 
exibility may not always be
there however. It comes from the very nature of dynamical
systems like CoMHP that the energy function can govern

the evolution of such systems toward the same energy levels
even when some perturbations are applied to the system. It
is also true that minor changes can cause the system to bi-
furcate into spurious attractors with poor partitionings. To
be successful in this project, we will need to adapt a method-
ology like the stability analysis of equilibrium states in non-

linear dynamical systems to cooperative search algorithms.
Characterizing the properties of the equilibrium states of
multilevel cooperative algorithms will also be pro�table to
many other aspects of cooperative algorithms.

Acknowledgements
We are greatly indebted to Charles Alpert from IBM Austin

Research Laboratory for his helpful comments and sugges-

tions on an earlier draft of this paper.

6. REFERENCES

[1] E.H.L. Aarts and J.K. Lenstra. Introduction. In
E. Aarts and J.K. Lenstra, editors, Local Search in
Combinatorial Oprimization, pages 1{17. John Wiley
& Sons Inc., 1997.

[2] C.J. Alpert. The ISPD98 Circuit Benchmark Suite. In

Proc. of the International Symposium on Physical De-
sign (ISPD-98), pages 80{85. ACM Press, 1998.

[3] S.H. Clearwater, B.A. Huberman, and T. Hogg. Coop-
erative Solution of Constraint Satisfaction Problems.

Science, 254:1181{1183, 1991.

[4] J. Cong and M.L. Smith. A Parallel Bottom-Up Clus-
tering Algorithm with Applications to Circuit Parti-

tioning in VLSI Design. In Proc. 30th ACM/IEEE De-
sign Automation Conference, pages 755{760, 1993.

[5] A. Dasdan and C. Aykanat. Two Novel Circuit Par-
titioning Algorithms Using Relaxed Locking. IEEE
Trans. Computer-Aided Design of Integrated Circuits
and Systems, 16(2):169{78, Feb. 1997.

[6] F. Glover. Heuristics for Integer Programming Us-

ing Surrogate Constraints. Decision Sciences, 8(1):156{
166, 1977.

[7] F. Glover. Ejection Chains, Reference Structures and
Alternating Path Methods for the Traveling Sales-

man Problem. Report, University of Colorado, Boulder,
1992.

[8] F. Glover. Scatter Search and Path Relinking. In D.
Corne, M. Dorigo and F. Glover, editors, New Ideas in
Optimization, pages 297{316. McGraw-Hill, 1999.

[9] F. Glover and M. Laguna. Tabu Search. Kluwer Aca-
demic Publishers, 1997.

[10] A. Gupta. Fast and E�ective Algorithms for Graph
Partitioning and Sparse Matrix Ordering. Report RC
20496, IBM T.J. Watson Research Center, 1995.

[11] T. Hogg and C. Williams. Solving the Really Hard
Problems with Cooperative Search. In Proceedings of
the 11th National Conference on Arti�cial intelligence
(AAAI93), pages 231{236. AAAI Press, 1993.

[12] J.J. Hop�eld. Neural Networks and Physical Sys-
tems with Emergent Collective Computational Abili-
ties. Proceedings of the National Academy of Sciences
of the United States of America, 79:2554{2558, 1982.

[13] G. Karypis, V. Aggarwal, V. Kumar, and S. Shekhar.
Multilevel Hypergraph Partitioning: Application in
VLSI Domain. IEEE Transactions on VLSI Systems,
1998.

[14] G. Karypis and V. Kumar. Multilevel k-way Hyper-
graph Partitioning. In Proc. 36th ACM/IEEE Design
Automation Conference. Association for Computing

Machinery, 1999.



[15] K-G. Lee and S-Y. Lee. EÆcient Parallelization of

Simulated Annealing using Multiple Markov Chains:
An Application to Graph Partitioning. In Trevor N.
Mudge, editor, Proc. 1992 of the Int. Conf. on Parallel
Processing, pages III 177{180. CRC Press, 1992.

[16] D. Levine. A Parallel Genetic Algorithm for the Set
Partitioning Problem. In I.H. Osman and J.P. Kelly, ed-
itors, Meta-Heuristics: Theory and Applications, pages
23{35. Kluwer Academic Publishers, 1996.

[17] C. Peterson and B. S�oderberg. Arti�cial Neural Net-

works. In E. Aarts and J.K. Lenstra, editors, Local
Search in Combinatorial Oprimization, pages 173{213.
John Wiley & Sons Inc., 1997.

[18] Y. Rochat and E. Taillard. Probabilistic Diversi�cation
and Intensi�cation in Local Search for Vehicle Routing.
Journal of Heuristics, 1(1):147{167, 1995.

[19] L.A. Sanchis. Multiple-way Network Partitioning.
IEEE Trans. Comput., 38(1):62{81, Jan. 1989.

[20] V. Schnecke and O. Vornberger. An Adaptive Parallel

Genetic Algorithm for VLSI-Layout Optimization. In
H.-P. Schwefel Y. Davidor and R. M�anner, editors, Pro-
ceedings of the Fourth Workshop on Parallel Problem
Solving from Nature, pages 859{868. Springer- Verlag,
1996.

[21] M. Toulouse, T.G. Crainic, and B. Sans�o. Self-
Organization in Cooperative Tabu Search Algorithms.
In 1998 IEEE International Conference on Systems,
Man, and Cybernetics, pages 2379{2385. Omnipress,
1998.

[22] M. Toulouse, T.G. Crainic, and K. Thulasiraman.
Global Optimization Properties of Parallel Coopera-
tive Search: A Simulation Study. Parallel Computing,
26:91{112, 2000.

[23] M. Toulouse, K. Thulasiram, and F. Glover. Multi-
Level Cooperative Search. In 5th International Euro-
Par Parallel Processing Conference, volume 1685 of
Lecture notes in Computer Science, pages 533{542.
Springer-Verlag, 1999.

[24] M. Yannakakis. Computational Complexity. In E. Aarts
and J.K. Lenstra, editors, Local Search in Combina-
torial Oprimization, pages 19{57. John Wiley & Sons
Inc., 1997.


